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The setting

I M compact smooth manifold with smooth boundary Σ := ∂M.

I Smooth measure µ.

I Let ~T inward pointing vectorfield, and τ associated inward pointing
co-vectorfield.

I (E ,hE)→M and (F ,hF )→M Hermitian bundles.

I D : C∞(E)→ C∞(F) order m ≥ 1 differential operator.

I D elliptic ⇐⇒ σD(x, ξ) : Ex → Fx invertible for 0 6= ξ ∈ T∗xM.
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Unique formal adjoint D† : C∞(F)→ C∞(E), i.e.,

〈Du, v〉L2(F ;hF ,µ) = 〈u,D†v〉L2(E;hE ,µ)

∀u ∈ C∞cc (M; E), v ∈ C∞cc (M;F).

Define:

Dmax := (D†)∗ and Dmin := D|C∞cc (M;E).

I.e.

dom(Dmax) :=
{
u ∈ L2(E ; hE , µ) :

∃Cu |〈u,D†v〉|≤ Cu‖v‖L2(F ;hF ,µ) ∀v ∈ C∞cc (M; E)
}
.
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Let γ : C∞c (M; E)→
⊕m−1

j=0 C∞c (Σ; E)

γ(u) =
(
u|Σ, (∂~Tu)|Σ, . . . , (∂m−1

~T
u)|Σ

)
.

Classic result (Seeley ’66, Lions-Magenes ’63 (Eng ’72)):
γ : C∞(M; E)→

⊕m−1
j=0 C∞(Σ; E) extends to a bounded mapping

γ : dom(Dmax)→
m−1⊕
j=0

H−
1
2
−j(Σ; E)

I Ȟ(D) := ran γ dense in
⊕m−1

j=0 H−
1
2
−j(Σ; E),

I ker γ = Hm
0 (M; E) = dom(Dmin).

Topologise Ȟ(D) such that γ : dom(Dmax)�dom(Dmin)�� Ȟ(D).
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Boundary conditions

I Boundary condition: B ⊂ Ȟ(D) closed subspace.
 DB closed operator.

I Dmin ⊂ Dext ⊂ Dmax closed extension ⇐⇒
Bext := {γu : u ∈ dom(Dext)} boundary condition with
DBext = Dext.

I Elliptically regular boundary condition: D∗B = D†
B†

and

dom(DB) ⊂ Hm(M; E) and dom(D∗B) ⊂ Hm(M;F).

Equivalently,

B ⊂
m−1⊕
j=0

Hm− 1
2
−j(Σ; E) and B† ⊂

m−1⊕
j=0

Hm− 1
2
−j(Σ; E).
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Define:

Hs(Σ; E ⊗ Cm) :=

m−1⊕
j=0

Hs−j(Σ; E)

Hs(Σ; E ⊗ Cmop) :=

m−1⊕
j=0

Hs+j(Σ; E).

Boundary decomposing projector P+:

(i) P+ : Hα(Σ; E ⊗ Cm)→ Hα(Σ; E ⊗ Cm) projection for
α ∈

{
−1

2 ,m−
1
2

}
,

(ii) P+ : Ȟ(D)→ Ȟ(D) and

P− := (I − P+) : Ȟ(D)→ Hm−
1
2 (Σ; E ⊗ Cm),

(iii) ‖u‖Ȟ(D)' ‖P−u‖Hm− 1
2 (Σ;E)

+ ‖P+u‖H− 1
2 (Σ;E)

.
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Examples
(i) First-order (Bär-Bandara ’20):
Hs(Σ; E ⊗ Cm) = Hs(Σ; E ⊗ Cmop) = Hs(Σ; E).

Let A : L2(Σ; E)→ L2(Σ; E) boundary adapted operator, i.e.,

σA(x, ξ) = σD(x, τ(x))−1 ◦ σD(x, ξ).

Can be chosen invertible bisectorial and P+ = χ+(A)

Ȟ(D) = χ−(A)H
1
2 (Σ; E)⊕ χ+(A)H−

1
2 (Σ; E).

(ii) General-order (Seeley ’66): CD := γ ker(Dmax).

Exists classical pseudo-differential projector PCD of order zero such
that

CD = PCDHm,−
1
2 (Σ; E ⊗ C) and

Ȟ(D) = (1− PCD)Hm−
1
2 (Σ; E ⊗ C)⊕ PCDH−

1
2 (Σ; E ⊗ C).

7 / 20



First-order case

I Ĥ(D,P+) := P∗−H−
1
2 (Σ; E)⊕ P∗+H

1
2 (Σ; E).

I L2-induced perfect pairing : 〈·, ·〉 : Ȟ(D)× Ĥ(D,P+)→ C.

I ∃σ0 ∈ C∞(Σ; E ⊗ F∗) invertible σ∗0Ȟ(D†) = Ĥ(D,P+).

I B† ⊂ Ȟ(D†) closed ⇐⇒
B⊥ :=

{
v ∈ Ĥ(D,P+) : 〈u, v〉 = 0 ∀u ∈ B

}
= σ∗0B

†.

I ∀u ∈ dom(Dmax) ∀v ∈ dom(D†max):

〈Dmaxu, v〉L2(M;F)−〈u,D†maxv〉L2(M;E)

= −〈u|Σ,σ
∗
0 v|Σ〉Ȟ(D)×Ĥ(D,P+).

I B elliptically regular ⇐⇒ B ⊂ H
1
2 (Σ; E) and B⊥ ∈ H

1
2 (Σ; E).
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B elliptically regular if and only if graphical decomposition (w.r.t. B
and boundary decomposing P+) holds:

(F1) ∃ W±, V± mutually complementary subspaces such that

V± ⊕W± = P±L2(Σ; E),

(follows that V ∗± ⊕W ∗± = P∗±L2(Σ; E))

(F2) W± are finite dimensional with W±,W
∗
± ⊂ H

1
2 (Σ; E), and

(F3) ∃g : V− → V+ bounded linear map with

g(V− ∩H
1
2 (Σ; E)) ⊂ V+ ∩H

1
2 (Σ; E) and

g∗(V ∗+ ∩H
1
2 (Σ; E)) ⊂ V ∗− ∩H

1
2 (Σ; E) such that

B = W+ ⊕
{
v + gv : v ∈ V− ∩H

1
2 (Σ; E)

}
.

Obtain: B⊥ = W ∗− ⊕
{
u− g∗u : u ∈ V ∗+ ∩H

1
2 (Σ; E)

}
.
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Proof ( =⇒ )

W ∗− := P∗−L2(Σ; E) ∩B⊥ V ∗− := P∗−L2(Σ; E) ∩ (W ∗−)⊥

W+ := P+L2(Σ; E) ∩B V+ := P+L2(Σ; E) ∩W⊥+

W− := P−W ∗− V− := P−V ∗−
W ∗+ := P∗+W+ V ∗+ := P∗+V+.
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Key points of proof

I P−B and P∗+B⊥ closed subspaces, W+ = ker(P−|B) and
W ∗− = ker(P∗+|B⊥).

(a) ‖u‖Ȟ(D)' ‖u‖H 1
2

for u ∈ B since B closed in Ȟ(D) and

H
1
2 (Σ; E).

(b) ‖u‖
H

1
2
' ‖P−u‖

H
1
2
+‖P+u‖

H−
1
2

.

(c) P+B ⊂ H
1
2 (Σ; E) since it is boundary decomposing and

H
1
2 (Σ; E) ↪→ H−

1
2 (Σ; E) compact embedding.

(d) Implies P−|B has closed range and finite dimensional kernel.
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I P−B = V− ∩H
1
2 (Σ; E) and P∗+B⊥ = V ∗+ ∩H

1
2 (Σ; E)

Key point: obtain W ∗− = P∗−L2(Σ; E) ∩B⊥ as

W ∗− = P∗−H−
1
2 (Σ; E) ∩B⊥,H

− 1
2 = (P−B)⊥,P

∗
−H−

1
2 .

Requires:

(a) u ∈ P∗−H−
1
2 (Σ; E)∩B⊥,H

− 1
2 =⇒ u ∈ Ĥ(D,P+) =⇒ u ∈ B⊥.

(b) B⊥ ⊂ H
1
2 (Σ; E).
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I Define

X− := P−|B∩W⊥+ : B ∩W⊥+ → P−B

X∗+ := P∗+|B⊥∩(W ∗−)⊥ : B⊥ ∩ (W ∗−)⊥ → P∗+B⊥.

I X− and X+ are bounded and invertible isomorphisms (in the
induced topology).

I g0 := PV+,W−⊕V−⊕W+ ◦ (X−)−1 and
h0 := PV ∗−,W ∗−⊕V ∗+⊕W ∗+ ◦ (X∗+)−1.

I g0 and −h0 are adjoints w.r.t. induced pairing.

I g obtained from interpolation i.e.,

V± = [V±
H−

1
2
, V± ∩H

1
2 (Σ; E)]θ= 1

2
.
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General-order
I Ȟ(D) = P+H−

1
2 (Σ; E ⊗ Cm)⊕ P−Hm−

1
2 (Σ; E ⊗ Cm).

I Ĥ(D,P+) := P∗−H
1
2 (Σ; E ⊗ Cmop)⊕ P∗+H

1
2
−m(Σ; E ⊗ Cmop).

I L2-induced perfect pairing : 〈·, ·〉 : Ȟ(D)× Ĥ(D,P+)→ C.

I ∃a ∈ Diffm−1(Σ; E ⊗ F∗) invertible a∗Ȟ(D†) = Ĥ(D,P+).

I B† ⊂ Ȟ(D†) closed ⇐⇒
B⊥ :=

{
v ∈ Ĥ(D,P+) : 〈u, v〉 = 0 ∀u ∈ B

}
= a∗B†.

I ∀u ∈ dom(Dmax) ∀v ∈ dom(D†max):

〈Dmaxu, v〉L2(M;F)−〈u,D†maxv〉L2(M;E)

= −〈γu,a∗ γv〉Ȟ(D)×Ĥ(D,P+).

I B elliptically regular ⇐⇒ B ⊂ Hm−
1
2 (Σ; E ⊗ Cm) and

B⊥ ∈ H
1
2 (Σ; E ⊗ Cmop).
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B elliptically regular if and only if the general graphical
decomposition holds:

(G1) there exist mutually complementary subspaces W± and V± of

Hm−
1
2 (Σ; E ⊗ Cm) satisfying:

W± ⊕ V± = P±Hm−
1
2 (Σ; E ⊗ Cm),

(G2) it holds that W−
∗ ⊂ H

1
2 (Σ; E ⊗ Cmop), and

W±
∗ ⊂ H

1
2
−m(Σ;E ⊗ Cmop) and the subspaces

W± ⊂ Hm−
1
2 (Σ; E ⊗ Cm) are finite dimensional,

(G3) there exists a continuous map g : V− → V+ such that

g∗(V ∗+ ∩H
1
2 (Σ; E ⊗ Cmop)) ⊂ V ∗− ∩H

1
2 (Σ; E ⊗ Cmop),

where g∗ denotes the adjoint in the induced L2-pairing between

Hm−
1
2 (Σ; E ⊗ Cm) and H

1
2
−m(Σ; E ⊗ Cmop) and

B = {v + gv : v ∈ V−} ⊕W+.
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W ∗− := P∗−H
1
2 (Σ; E ⊗ Cmop) ∩B⊥,H

1
2−m(Σ;E⊗Cm

op)

W+ := P+Hm−
1
2 (Σ; E ⊗ Cm) ∩B

V ∗− := P∗−H
1
2
−m(Σ; E ⊗ Cmop) ∩ (W ∗−)⊥,H

− 1
2 (Σ;E⊗Cm)

V+ := P+Hm−
1
2 (Σ; E ⊗ Cm) ∩W⊥,H

1
2−m(Σ;E⊗Cm

op)
+

I W ∗− ⊂ P∗−H
1
2 (Σ; E ⊗ Cmop) so consider (W ∗−)⊥,H

− 1
2 (Σ;E⊗Cm) in

H−
1
2 (Σ; E ⊗ Cm).

I Calculation:

H−
1
2 (Σ; E ⊗ Cm) = ⊕m−1

j=0 H−
1
2
−j(Σ; E)

⊃ ⊕m−1
j=0 H

1
2
−m+j(Σ; E) = H

1
2
−m(Σ; E ⊗ Cmop)

=⇒ V ∗− is well-defined.

I Hm−
1
2 (Σ; E ⊗ Cm) ⊂ H

1
2
−m(Σ; E ⊗ Cmop) =⇒ V+ well-defined.
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W ∗+ := P∗+H
1
2
−m(Σ; E ⊗ Cmop) ∩ V ⊥,H

1
2−m(Σ;E⊗Cm

op)
+

W− := P−Hm−
1
2 (Σ; E ⊗ Cm) ∩ (V ∗−)⊥,H

m− 1
2 (Σ;E⊗Cm)

V ∗+ := P∗+H
1
2
−m(Σ; E ⊗ Cmop) ∩W⊥,H

1
2−m(Σ;E⊗Cm

op)
+

V− := P−Hm−
1
2 (Σ; E ⊗ Cm) ∩ (W ∗−)⊥,H

m− 1
2 (Σ;E⊗Cm)

Not hard to show these are ranges of the respective adjoint projectors.
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Proof highlights

I P−B and P∗+B⊥ closed subspaces, W+ = ker(P−|B) and
W ∗− = ker(P∗+|B⊥).

Hm−
1
2 (Σ;E ⊗ Cm)

compact
↪−−−−−→ H−

1
2 (Σ;E ⊗ Cm)

H
1
2 (Σ;E ⊗ Cmop)→ H

1
2 (Σ;E ⊗ Cmop)

compact
↪−−−−−→ H

1
2
−m(Σ;E ⊗ Cmop)

.

I Not immediate that V ∗− ⊕W ∗− = P∗−Hm−
1
2 (Σ; E ⊗ Cm).

• V ∗− ∩W ∗− = 0 obtained from 〈w,w〉 = ‖w‖2L2 when

w ∈ H
1
2 (Σ;E ⊗ Cmop) ⊂ ⊕m−1

j=0 L2(Σ;E).

• P∗−H
1
2
−m(Σ;E ⊗ Cmop) ⊂ V ∗− ⊕W ∗− requires projector to W ∗−

along V ∗−.

• Pu =
∑dimW ∗−

i=1 〈u, ei〉, where ei is a basis with 〈ei, ej〉 = δij .

Possible only since ei ∈ H
1
2 (Σ;E ⊗ Cmop) ⊂ H−

1
2 (Σ;E ⊗ Cmop).
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I V ∗+ ∩H
1
2 (Σ;E ⊗ Cmop) = P∗+B⊥ and V− = P−B.

• Key:

W+ = (P∗+B⊥)⊥,H
− 1

2 (Σ;E⊗Cm) ∩ P∗+H−
1
2 (Σ;E ⊗ Cm)

W ∗− = (P−B)⊥,H
1
2−m(Σ;E⊗Cm

op) ∩ P−H
1
2
−m(Σ;E ⊗ Cmop).

• Need: B ⊂ Hm−
1
2 (Σ; E ⊗ Cm) and B⊥ ∈ H

1
2 (Σ; E ⊗ Cmop)

I X− := P−|B∩W⊥+ : B ∩W⊥+ → P−B.

X∗+ := P∗+|
B⊥∩(W ∗−)⊥,H−

1
2 (Σ;E⊗Cm)

: B⊥ ∩ (W ∗−)⊥,H
− 1

2 (Σ;E⊗Cm) →

P∗+B⊥.

Both maps bounded isomorphisms to their ranges.
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I g : V− → V+, bounded in the Hm−
1
2 (Σ;E ⊗ Cm) norm, defined as

g := P
V+,W+⊕P−Hm− 1

2 (Σ;E⊗Cm)
◦ (X−)−1.

I h : V ∗+ ∩H
1
2 (Σ;E ⊗ Cmop)→ V ∗− ∩H

1
2 (Σ;E ⊗ Cmop)bounded in the

H
1
2 (Σ;E ⊗ Cmop) norm defined as

h := P ∗− ◦ (X∗+)−1.

I From B ⊥ B⊥ in the Ȟ(D)× Ĥ(D,P+), obtain

g∗(V ∗+ ∩H
1
2 (Σ;E ⊗ Cmop)) = −h(V ∗+ ∩H

1
2 (Σ;E ⊗ Cmop))

⊂ V ∗− ∩H
1
2 (Σ;E ⊗ Cmop).
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