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The setting

» M compact smooth manifold with smooth boundary > := OM.
» Smooth measure .

» Let T inward pointing vectorfield, and 7 associated inward pointing
co-vectorfield.

(£,hf) = M and (F,h’) — M Hermitian bundles.
> D:C®(E) = C°(F) order m > 1 differential operator.
D elliptic <= op(z,€) : £, — F, invertible for 0 # £ € TEM.
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Unique formal adjoint DT : C*°(F) — C>(€), i.e.,
(Du, v) 207 ) = (U, D) L2(eme
Yu € C(M;E), v e CX(M; F).
Define:
Dinax == (D) and  Dinin := D e (pgee-

l.e.

dom(Dpax) := {u € L*(&;h, p) :

ICu  |(u, DI0)|< Cullvllizrar,y Vo € cgg(M;g)} .

St
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Let v : CX(M;€) — @) C2(5:€)

Y(w) = ((uly, @p)ls, - s @ w)ly).

Classic result (Seeley '66, Lions-Magenes '63 (Eng '72)):
v:C®(M;E) — EB?:_OI C>°(X%; &) extends to a bounded mapping

m—1
1
v : dom(Dyyax) — HEJ
Jj=0

» H(D) := ran+ dense in @;”;01 Hféfj(E;é’),
» kery = Hf'(M; &) = dom(Duin).

Topologise H(D) such that 7 : dom(D max)/dom ) H(D).

( min
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Boundary conditions

» Boundary condition: B C H(D) closed subspace.
~+ Dp closed operator.

» Duin C Dext € Dijax closed extension <=~
Bext := {~yu : u € dom(Dext)} boundary condition with
DBext = Dext.

» Elliptically regular boundary condition: D%, = D;T and

dom(Dp) Cc H"(M;E) and dom(D%) C H™(M; F).

Equivalently,

m—1

m—1
Bc PH"27(5:€6) and B c @DHI(s8).

J=0 J=0

5/20



Define:

m—1

H(Z;E @ C™) = R H I (X;€)
j=0
m—1

HY (S E@C) = P HH(3:E).
Jj=0

Boundary decomposing projector P, :

(i) Py HYE;E @ C™) — HY(X; € @ C™) projection for
ae{-5m-3}

(i) Py : H(D) — H(D) and
P_ = (I—P,):HD) = H" 2(S;£ ® C™),

(”I) HUHH(D HP_UHH,R,Q (2:6) + HPJ'_UHH*%(E;S).
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Examples
(i) First-order (Bar-Bandara '20):
H(Z;€ @ C™) = H¥(%; € @ Cyp) = H (X5 €).
Let A : L2(3;&) — L2(%; &) boundary adapted operator, i.e.,

oalz,§) = GD(x,T(x))fl oop(z,§).

Can be chosen invertible bisectorial and P = xT(A)

H(D) = v~ (A)H2(S;€) @ x T (A)H 2 (S5 €).

N

(i) General-order (Seeley '66): Cp := v ker(Dmax)-

Exists classical pseudo-differential projector Pep of order zero such
that

Cp = PepH™ 2(2;€ ®C)  and

H(D) = (1 — Pep)H™ 2(5; € ® C) @& PepH 2 (55 € @ C).
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First-order case
» H(D,Py) =P H 2(5&) @ PrH2(S; ).
» L%induced perfect pairing : (-,-) : H(D) x H(D,P,) — C.
> Jop € C®(; € @ F*) invertible o H(D') = H(D, P,).

» BT c H(D') closed <=
Bt .= {v € ICI(D77D+) S (u,v) =0Vu € B} = GSBT'

> Vu € dom(Dpax) Yo € dom(DInaX):
<Dmaxu7 U>L2 (M;F) _<u7 D;rnaxv>L2(M;€)
= —<U|za 0 ”|2>H(D)xH(D,P+)'
» B elliptically regular < B C H%(Z;S) and B+ ¢ H%(E;S).
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B elliptically regular if and only if graphical decomposition (w.r.t. B
and boundary decomposing P.) holds:

(F1) 3 Wy, V4 mutually complementary subspaces such that
Ve ® Wi = PLL*(5;€),

(follows that Vi & Wi = PLL2(3;€))
(F2) Wy are finite dimensional with W, Wi C H%(E;é’), and

(F3) Jg : V_ — V. bounded linear map with
g(Vo NH2(X:€)) € V, NHE(X;€) and
g* (V¥ NH2(;€)) € V* N H2(3;€) such that

B:W+@{v+gvzvEV,QH%(Z;g)}.

Obtain: BX = W* & {u—g*u ue Vv mH%(z;g)}.
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Proof ( =)

W* =P LA E)N Bt Vi =P LA E)n (W)t
Wi =P LA(58)NB Vi =P LASE)nWi

2
L L
\ i N2 s s Wi ] wi v | C (358 )
J e (A
| N3 I\‘\L | W, ' /’,,/// NA /{/,/ ”,/////// \_Z (S,; %/3
P_ Ll 1)¢ LL

W_ =P W* V_.=P_V*
Wj: = ,P—T-W-l- V_;_k = P_T_V_A,_
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Key points of proof

» P_B and P} Bt closed subspaces, W, = ker(P_| ) and
W* = ker(Pi| 5.).

(@) llullgmy= HuHH% for u € B since B closed in H(D) and

Hz (3 €).
(b) Nlull 3= P-ull 3 +Prull -1
(c) P+B C H%(E;E) since it is boundary decomposing and
H%(E; &) — Hfé(E; £) compact embedding.
(d) Implies P_| ; has closed range and finite dimensional kernel.
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» P_B=V_ ﬂHz(E &) and Pr Bt = V*ﬂH?(Z €)
Key point: obtain W* = P*L2(%;£) N B+ as
1 a1
W* =P H 2(%;E)n B 2 = (p_p)LPrH 2
Requires:

_1 ~
(a) ue PPH 2(S;6)NBHE 2 — w e A(D,P,) = ue BL.
(b) B C H2(3;€).
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Define
X =P gy : BOWy = P.B

X5 =Pl gy s B-N (W) = PrB.

X_ and X are bounded and invertible isomorphisms (in the
induced topology).

90 =Py, w_av_ew, o (X_)!
ho := Py=wraview: o (X3)™".
go and —hg are adjoints w.r.t. induced pairing.

g obtained from interpolation i.e.,

_1
Vi =[V2" Vi NHE(S58)],s.
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General-order

» H(D) =P, H 2(3;£ ©C™) & P_H™ 2 (%€ ® C™).
> H(D,Py) =P H3(S;E@CR) @ PLHz ™ (T;€ ® CL).
» LZ-induced perfect pairing : (-,-) : H(D) x H(D, P, ) — C.
» 3a e Diff,,_1(Z; € ® F*) invertible *H(D') = H(D, P,).
» Bf c H(D') closed «—

Bl = {v e H(D,Py) : (u,0) =0 Vu € B} = a*Bt
> Vu € dom(Dpax) Yo € dom(DITnaX):

(Drmaxtt; 0) 12 () — (1 Do) 1206
=—(yu,a’ 7“>ﬁ(D)xﬂ(D,P+)'

> B elliptically regular <= B c H™ 2(3;£ ® C™) and
Bt e H3(%;E@CD).
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B elliptically regular if and only if the general graphical
decomposition holds:

(G1) there exist mutually complementary subspaces W and Vi of
Hm_%(Z;E ® C™) satisfying:
Wi ® Vi =PLH" 2(%;6 0 CM),
(G2) it holds that W_* C H3(%; & @ C.), and
W.* C H2™(S; E ® C1) and the subspaces

Wi C Hmfé(E;S ® C™) are finite dimensional,
(G3) there exists a continuous map ¢ : V_ — V4 such that

g (VENHZ(S;€ @ CR)) C VXNHE (S;€ @ CR),

where g* denotes the adjoint in the induced L2-pairing between
H™2(;€ @ C™) and H2 " (%;E © CL) and

B={v+gv:veV_} W,

15/20



W* .= PiH%(Z;é’ ® Cap) N BlvH%_m(E;c‘J@CQ},)
W, =P H" (%€ ©C™) N B

_1 m
V* = PrHE (€ @ C) 0 (W) LE 2 (hEeCT)

l*m . m
Vi = Py H 3 (S E@CM N WL (Z:E@Cey)

> W* C PrH:? (%;E @ Cy) so consider (Wf)L’H_%(E;‘g@Cm) in
H-2(X; € @ C™).
» Calculation:
H 2(5€ @ C™) = e H 279(5;€)
> @M HE (5 €) = HE (%€ © C)
= V* is well-defined.

> H (5@ C™) CHI (S E@C) = Vi well-defined.
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1., ) m
Wi = PLHI (S €@ Cp)n VT CEE

m—1 m

W_ = ’P_Hmfé(z;g ® Cm) N (Vj)J"H 2 (5;6QC™)
1o .

Vii= PLHE (S E @ CL) N WL (ZE@CT)

m-} .
V_ = P,Hm_%(Z; £®C™)N (WE)L’H 3 (Z:E6Q0C™)

Not hard to show these are ranges of the respective adjoint projectors.
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Proof highlights

» P_B and P} B closed subspaces, W, = ker(P_| ) and
Wj = ker(PﬂBL)

compact

H™ 2 (% E @ C™) H 2(3; E @ C™)

compact 1

H? (S E@ClL) — H2 (55 E © ClL) <oty (55 E @ CI)

» Not immediate that V* & W* = Pme*%(E;S ® C™).

o V*NW* =0 obtained from (w,w) = [|wl|?, when
weH:(SE®CR) C ol LA(S; B).
° PiHéfm(E; E @ Cg) C V@ WX requires projector to W*
along V*.
dim W* . . .
o Pu=73 ., (u,e;), where ¢; is a basis with (e;, e;) = d;;.
Possible only since ¢; € H2 (; E @ CI) € H™2 (S E® CR).
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> ViINH2(S;E©CR) =PLBY and Vo = P_B.
o Key:
1 -
W, = (PyBhHLE 2 GEC™) qpr -2 (5 E © C™)
1, m
W* = (P,B)L’HQ (3ECH) N P,H%_m(E, E® Cg’{))
o Need: BC H"™ 3(S;€ @ C™) and B € H2 (S;€ @ C)
> X =P gy : BAW; = P_B.

-1 m
Xt :=Pi B (W) LH 2 (EeC™)

1 .
BJ‘Q(Wj)J“'H_é (Z;EQC™)

P BL.

Both maps bounded isomorphisms to their ranges.

19/20



» g: V. — V|, bounded in the ™ 2(; E ® C™) norm, defined as

— —1
9= PV+,W+@P_HW’%(E;E®(CT") ° (X-)7

> h:VENHE (S E©CR) — VFNHZ(S; E © C2)bounded in the
Hz2 (35 £ ® C,) norm defined as

h:=P* o (X1)L.

» From B L Bt in the H(D) x H(D, P,), obtain

* * 1 m * L m
g (VinH2 (5 E® Cly)) = —h(ViNH2 (X E® Cg))
CVINH:(SE@CR).
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