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Proof ( =)

W* =P LA E)N Bt Vi =P LA E)n (W)t
Wi =P LA(58)NB Vi =P LASE)nWi

2
L L
\ i N2 s s Wi ] wi v | C (358 )
J e (A
| N3 I\‘\L | W, ' /’,,/// NA /{/,/ ”,/////// \_Z (S,; %/3
P_ Ll 1)¢ LL

W_ =P W* V_.=P_V*
Wj: = ,P—T-W-l- V_;_k = P_T_V_A,_
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» P_B and P} Bt closed subspaces, W, = ker(P_| ) and
W* = ker(Pi| 5.).

(@) llullgmy= HuHH% for u € B since B closed in H(D) and

Hz (3 €).
(b) Nlull 3= P-ull 3 +Prull -1
(c) P+B C H%(E;E) since it is boundary decomposing and
H%(E; &) — Hfé(E; £) compact embedding.
(d) Implies P_| ; has closed range and finite dimensional kernel.
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» P_B=V_ ﬂHz(E &) and Pr Bt = V*ﬂH?(Z €)
Key point: obtain W* = P*L2(%;£) N B+ as
1 a1
W* =P H 2(%;E)n B 2 = (p_p)LPrH 2
Requires:

_1 ~
(a) ue PPH 2(S;6)NBHE 2 — w e A(D,P,) = ue BL.
(b) B C H2(3;€).
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X =P gy : BOWy = P.B

X5 =Pl gy s B-N (W) = PrB.

X_ and X are bounded and invertible isomorphisms (in the
induced topology).

90 =Py, w_av_ew, o (X_)!
ho := Py=wraview: o (X3)™".
go and —hg are adjoints w.r.t. induced pairing.

g obtained from interpolation i.e.,

_1
Vi =[V2" Vi NHE(S58)],s.
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» H(D) =P, H 2(3;£ ©C™) & P_H™ 2 (%€ ® C™).
> H(D,Py) =P H3(S;E@CR) @ PLHz ™ (T;€ ® CL).
» LZ-induced perfect pairing : (-,-) : H(D) x H(D, P, ) — C.
» 3a e Diff,,_1(Z; € ® F*) invertible *H(D') = H(D, P,).
» Bf c H(D') closed «—

Bl = {v e H(D,Py) : (u,0) =0 Vu € B} = a*Bt
> Vu € dom(Dpax) Yo € dom(DITnaX):

(Drmaxtt; 0) 12 () — (1 Do) 1206
=—(yu,a’ 7“>ﬁ(D)xﬂ(D,P+)'

> B elliptically regular <= B c H™ 2(3;£ ® C™) and
Bt e H3(%;E@CD).
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B elliptically regular if and only if the general graphical
decomposition holds:

(G1) there exist mutually complementary subspaces W and Vi of
Hm_%(Z;E ® C™) satisfying:
Wi ® Vi =PLH" 2(%;6 0 CM),
(G2) it holds that W_* C H3(%; & @ C.), and
W.* C H2™(S; E ® C1) and the subspaces

Wi C Hmfé(E;S ® C™) are finite dimensional,
(G3) there exists a continuous map ¢ : V_ — V4 such that

g (VENHZ(S;€ @ CR)) C VXNHE (S;€ @ CR),

where g* denotes the adjoint in the induced L2-pairing between
H™2(;€ @ C™) and H2 " (%;E © CL) and

B={v+gv:veV_} W,
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W* .= PiH%(Z;é’ ® Cap) N BJ—aH%_m(E;c‘J@CQ},)
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_1 m
V* = PEHE (S E @ CIL) (W) HE 2 (hEeeT)

l*'m . m
Vi =Py H 3 (60 C™)N Wi’m (Z:E@Cey)

_1
> W* C PrH:? (%;E @ Cy) so consider (W) LH 2 (5E0C™) 4,
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W* .= PiH%(Z;é’ ® Cap) N BlvH%_m(E;c‘J@CQ},)
W, =P H" (%€ ©C™) N B

_1 m
V* = PrHE (€ @ C) 0 (W) LE 2 (hEeCT)

l*m . m
Vi = Py H 3 (S E@CM N WL (Z:E@Cey)

> W* C PrH:? (%;E @ Cy) so consider (Wf)L’H_%(E;‘g@Cm) in
H-2(X; € @ C™).
» Calculation:
H 2(5€ @ C™) = e H 279(5;€)
> @M HE (5 €) = HE (%€ © C)
= V* is well-defined.

> H (5@ C™) CHI (S E@C) = Vi well-defined.
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1., ) m
Wi = PLHI (S €@ Cp)n VT CEE

m—1 m

W_ = ’P_Hmfé(z;g ® Cm) N (Vj)J"H 2 (5;6QC™)
1o .

Vii= PLHE (S E @ CL) N WL (ZE@CT)

m-} .
V_ = P,Hm_%(Z; £®C™)N (WE)L’H 3 (Z:E6Q0C™)

Not hard to show these are ranges of the respective adjoint projectors.
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» Not immediate that V* & W* = Pme*%(E;S ® C™).

o V*NW* =0 obtained from (w,w) = [|wl|?, when
weH:(SE®CR) C ol LA(S; B).
° PiHéfm(E; E @ Cg) C V@ WX requires projector to W*
along V*.
dim W* . . .
o Pu=73 ., (u,e;), where ¢; is a basis with (e;, e;) = d;;.
Possible only since ¢; € H2 (; E @ CI) € H™2 (S E® CR).
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> ViNH:(S;E@Cl) = PLBt
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> ViINH2(S;E©CR) =PLBY and Vo = P_B.
o Key:
1 -
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1, m
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> ViINH2(S;E©CR) =PLBY and Vo = P_B.
o Key:
1 -
W, = (PyBhHLE 2 GEC™) qpr -2 (5 E © C™)
1, m
W* = (P,B)L’HQ (3ECH) N P,H%_m(E, E® Cg’{))
o Need: BC H"™ 3(S;€ @ C™) and B € H2 (S;€ @ C)
> X =P gy : BAW; = P_B.

-1 m
Xt :=Pi B (W) LH 2 (EeC™)

1 .
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Both maps bounded isomorphisms to their ranges.
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» g: V. — V|, bounded in the ™ 2(; E ® C™) norm, defined as

— —1
9= PV+,W+@P_HW’%(E;E®(CT") ° (X-)7

> h:VENHE (S E©CR) — VFNHZ(S; E © C2)bounded in the
Hz2 (35 £ ® C,) norm defined as

h:=P* o (X1)L.

» From B L Bt in the H(D) x H(D, P,), obtain

* * 1 m * L m
g (VinH2 (5 E® Cly)) = —h(ViNH2 (X E® Cg))
CVINH:(SE@CR).
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