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Motivation: the flow of Gigli-Mantegazza
Let M be a compact manifold with a smooth metric g. Let A, be its

Laplacian (on functions) and p%(-,-) € C®(R4 x M x M) denote
the heat kernel.
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Let M be a compact manifold with a smooth metric g. Let A, be its
Laplacian (on functions) and p%(-,-) € C®(R4 x M x M) denote
the heat kernel.

Fix a point x € M and a time ¢t > 0, and two tangent vectors
u,v € T, M. Let 40 € L2(M) with [ 00 dpg = 0 be the
solution to the PDE:

- divgy p%('x: y)th,z,v(y) = dm(pf(xy y))(v)v (GMC)
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Motivation: the flow of Gigli-Mantegazza

Let M be a compact manifold with a smooth metric g. Let A, be its
Laplacian (on functions) and p%(-,-) € C®(R4 x M x M) denote
the heat kernel.

Fix a point x € M and a time ¢t > 0, and two tangent vectors
u,v € T, M. Let 40 € L2(M) with [ 00 dpg = 0 be the
solution to the PDE:

- divgy p%(:n, y)th,z,v(y) = dm(pf(xy y))(v)v (GMC)

Gigli and Mantegazza in [GM] define g;(x) on tangent vectors
u,v € T, M by the expression:

() (1, 0) = /M 80) (Vo) Veoran(y)) 05(a.y) dig(y).
(GM)
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This expression can indeed be checked to define an inner product on

T, M.
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This expression can indeed be checked to define an inner product on

T, M.
Moreover, Gigli and Mantegazza show that:

98 (7(s),7(s)| =g = —2 Ricg(§(s),7(s)),

for almost-every s along g-geodesics ~.
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for almost-every s along g-geodesics . That is, g; is tangential to the
Ricci flow in this weak sense.

The defining equation (GMC) can be “lifted” to a distributional
equation in Wasserstein space.
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This expression can indeed be checked to define an inner product on
T, M.

Moreover, Gigli and Mantegazza show that:

9181 (7(5),¥(5))] =g = —2Ricg(V(s), 7(s)),

for almost-every s along g-geodesics . That is, g; is tangential to the
Ricci flow in this weak sense.

The defining equation (GMC) can be “lifted” to a distributional
equation in Wasserstein space. Using the induced heat flow, we
obtain a time evolving family of distance metrics d; starting with the
initial metric dg = dg, the induced distance from g.
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This expression can indeed be checked to define an inner product on
T, M.

Moreover, Gigli and Mantegazza show that:

9181 (7(5),¥(5))] =g = —2Ricg(V(s), 7(s)),

for almost-every s along g-geodesics . That is, g; is tangential to the
Ricci flow in this weak sense.

The defining equation (GMC) can be “lifted” to a distributional
equation in Wasserstein space. Using the induced heat flow, we
obtain a time evolving family of distance metrics d; starting with the
initial metric dg = dg, the induced distance from g. Indeed, d; is
induced from the metrics g; defined by (GM).
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In fact, the fact that (GMC) can be given meaning in Wasserstein
space means exactly that the flow of distance metrics d; can be
defined for an RCD-space (X, d, 1) (a measure metric space with a
notion of Ricci curvature bounded from below and with a Hilbertian
Sobolev space).
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notion of Ricci curvature bounded from below and with a Hilbertian
Sobolev space).

In particular, this allows us to flow spaces containing singularities.
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In fact, the fact that (GMC) can be given meaning in Wasserstein
space means exactly that the flow of distance metrics d; can be
defined for an RCD-space (X, d, 1) (a measure metric space with a
notion of Ricci curvature bounded from below and with a Hilbertian
Sobolev space).

In particular, this allows us to flow spaces containing singularities.
Given that there are few tools to consider regularity questions in the
RCD setting, we consider this problem on a smooth manifold M but
with low-regularity metrics.
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Rough metrics

Assume that M is a manifold (possibly noncompact).

Definition (Rough metric)

Let g be a (2,0) symmetric tensor field with measurable coefficients
and that for each x € M, there is some chart (U, ) near x and a
constant C > 1 such that

Cu

wes(y) < lulgy) < Clulyesey)

for almost-every y € U and where § is the Euclidean metric in ¢(U).
Then we say that g is a rough metric, and such a chart (U, %) is said
to satisfy the local comparability condition.
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Induced measure

Define pz for a rough metric g by writing

dyiz(x) = \/det 5(x) 4.2 (x)

inside charts satisfying the local comparability condition and then
patching them together via a partition of unity.
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Induced measure

Define pz for a rough metric g by writing

dyiz(x) = \/det 5(x) 4.2 (x)

inside charts satisfying the local comparability condition and then
patching them together via a partition of unity.

This measure is Borel-regular and finite on compact sets. It is

unknown whether they are generally Radon. However, if M is
compact, then it is.
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Induced measure

Define pz for a rough metric g by writing

dyiz(x) = \/det 5(x) 4.2 (x)

inside charts satisfying the local comparability condition and then
patching them together via a partition of unity.

This measure is Borel-regular and finite on compact sets. It is
unknown whether they are generally Radon. However, if M is
compact, then it is.

Moreover, LP theory exists (trivial) and V on C*° N L2 is a closable,

densely-defined operator which gives Sobolev spaces W'2(M) and
i)
Wy (M).
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Metric perturbations

Definition
We say that two rough metrics g and g are C-close if

C ulg(ay < luly(ey < Clulg

for almost-every x € M where C' > 1. Two such metrics are said to
be C-close everywhere if this inequality holds for every x € M.
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Metric perturbations

Definition
We say that two rough metrics g and g are C-close if

C ulg(ay < luly(ey < Clulg

for almost-every x € M where C' > 1. Two such metrics are said to
be C-close everywhere if this inequality holds for every x € M.

Note: on a compact manifold, there is always a C-close smooth
metric g given a rough metric g.
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Proposition

Let g and g be two rough metrics that are C'-close. Then, there exists
B € T'(T*M ® TM) such that it is symmetric, almost-everywhere
positive and invertible, and

&(B(z)u,v) = go(u,v)
for almost-every x € M. Furthermore, for almost-every x € M,
C2 Julyy) < IB(@)ulypy < C2Julygy) -

and the same inequality with g and g interchanged. If § € C¥ and
g € C! (with k,1 > 0), then the properties of B are valid for all
z € M and B € C™n{EL(T* M @ TM).
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The measure pg(z) = 0(x) dug(x), where 8(x) = /det B(x).
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The measure pg(z) = 0(x) dug(x), where 8(x) = /det B(x).

Consequently,
(i) whenever p € [1,00), LP(T™) M, g) = LP(T ") M, &) with

8 Jullpz < lullpe < O 5 ulpa,
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The measure pg(z) = 0(x) dug(x), where 8(x) = /det B(x).

Consequently,
(i) whenever p € [1,00), LP(T™) M, g) = LP(T ") M, &) with

8 Jullpz < lullpe < O 5 ulpa,

(i) for p = oo, L®(TI M, g) = L°(T")I M, g) with

O™ Julloog < [ulloog < O |ulloo g
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(iii) the Sobolev spaces W'P(M, g) = WHP(M, §) and
W (M, g) = Wy (M, g) with

_ 1+£) 1 n
(5 o g < Tullwiog < CF 5 Jullwio g,
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(iii) the Sobolev spaces W'P(M, g) = WHP(M, §) and
W (M, g) = Wy (M, g) with

_ 1+£) 1 n
(5 o g < Tullwiog < CF 5 Jullwio g,

(v) the divergence operators satisfy divp, = 07! divpz 6B and
divy g = 0~ divyz OB.
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(iii) the Sobolev spaces W'P(M, g) = WHP(M, §) and
W (M, g) = Wy (M, g) with

— 1—‘,—3) 14
(5 o g < Tullwiog < CF 5 Jullwio g,

(v) the divergence operators satisfy divp, = 07! divpz 6B and
divy g = 0~ divyz OB.

Note: Rough metrics are natural geometric invariances of the Kato
square root problem. See [B2].
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Assume now that M is compact.
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Assume now that M is compact. Let g be a rough metric and g a
C-close smooth metric to g for some C' > 1.
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Assume now that M is compact. Let g be a rough metric and g a
C-close smooth metric to g for some C' > 1.

It makes sense to consider (GMC) in this context, provided we have
the existence of a sufficiently good heat kernel.
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Assume now that M is compact. Let g be a rough metric and g a
C-close smooth metric to g for some C' > 1.

It makes sense to consider (GMC) in this context, provided we have
the existence of a sufficiently good heat kernel.

Solving (GMC) is equivalent to solving

— divgy pf (2, y)BOV @40 = 0ds(0f (2, 9))(v), (GMC)

where g(Bu,v) = g(u,v).
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Assume now that M is compact. Let g be a rough metric and g a
C-close smooth metric to g for some C' > 1.

It makes sense to consider (GMC) in this context, provided we have
the existence of a sufficiently good heat kernel.

Solving (GMC) is equivalent to solving

— divgy pf (2, y)BOV @40 = 0ds(0f (2, 9))(v), (GMC)

where g(Bu,v) = g(u,v).
Concern: regularity of the metric

T gt(x)(u7 U) = <p%($a : )v@t,x,ua v¢t,x,v>L2(g) .
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Theorem (B., Lakzian, Munn ([BLM], 2015))

Let M be a smooth, compact manifold and g a rough metric. Let
@ # N C M be an open set.
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Theorem (B., Lakzian, Munn ([BLM], 2015))

Let M be a smooth, compact manifold and g a rough metric. Let
@ # N C M be an open set.
(i) If the the heat kernel (z,y) — pf(z,y) € C¥Y(M?) and
improves to (x,y) — pf(z,y) € C*(N?) where k > 2. Then, for
t >0, g is a Riemannian metric on N of regularity C*=21.
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Theorem (B., Lakzian, Munn ([BLM], 2015))

Let M be a smooth, compact manifold and g a rough metric. Let
@ # N C M be an open set.
(i) If the the heat kernel (z,y) — pf(z,y) € C¥Y(M?) and

improves to (x,y) — pf(z,y) € C*(N?) where k > 2. Then, for
t >0, g is a Riemannian metric on N of regularity C*=21.

(ii) If the heat kernel (z,y) — p¢(z,y) € C1(M?) and
(z,y) — p(x,y) € CKF(N?) where k > 1. Then, fort >0, g is
a Riemannian metric on N of regularity C*~1.
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Standing question: What happens if we only assume that
(z,y) — pf(z,y) € CHN?) (i.e., no C%! or C! assumptions on
global regularity).
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Standing question: What happens if we only assume that
(z,y) — pf(z,y) € CHN?) (i.e., no C%! or C! assumptions on
global regularity). Is it true then that =+ g;(x) € C°?
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Standing question: What happens if we only assume that
(z,y) — pf(z,y) € CHN?) (i.e., no C%! or C! assumptions on
global regularity). Is it true then that =+ g;(x) € C°?

Theorem (B. ([B], 2015))

Let M be a smooth, compact manifold, and @ # N C M, an open
set. Suppose that g is a rough metric and that p¢ € C1(N?). Then,
g: as defined by (GM) exists on N and it is continuous.
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The equation (GMC) is a specific case of pointwise linear problems of
the form:
Lyug = 1y (PE)

for suitable source data 7, € L?(M) and where L, = —div A,V is a
family of divergence form operators.
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The equation (GMC) is a specific case of pointwise linear problems of
the form:
Lyug = 1y (PE)

for suitable source data 7, € L?(M) and where L, = —div 4,V is a
family of divergence form operators.

Theorem (B. ([B], 2015))

Let M be a smooth manifold and g a smooth metric. At x € M
suppose that x — A, are real, symmetric, elliptic, bounded
measurable coefficients that are L°°-continuous at x, and that

x + 1, is L2-continuous at x. If x + u, solves (PE) at x with
SNz dpg =0, then x — uy is L2-continuous at x.

Lashi Bandara The continuity of a flow tangent to the Ricci flow 14/30



Representation of solutions to the PDE

The equation (PE) can be further reduced to studying elliptic
problems of the form

Lau = —divg AVu = f, (E)

for suitable source data f € L%(M), where the coefficients A are
symmetric, bounded, measurable and for which there exists a k > 0
satisfying (Au,u) > rjul/?.
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Representation of solutions to the PDE

The equation (PE) can be further reduced to studying elliptic
problems of the form

Lau = —divg AVu = f, (E)

for suitable source data f € L%(M), where the coefficients A are
symmetric, bounded, measurable and for which there exists a k > 0
satisfying (Au,u) > rjul/?.

By the operator theory of self-adjoint operators, we obtain that

L2(M) = N(La) & R(La).
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Moreover, N'(L4) = N(V).
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Moreover, N'(L4) = N (V). Since (M, g) is smooth and compact,
there is a Poincaré inequality, and since A are bounded below,

R =R(La)=R(vLa), where

R—{uGLz(M):/Mud,ug—O}.
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Moreover, N'(L4) = N (V). Since (M, g) is smooth and compact,
there is a Poincaré inequality, and since A are bounded below,

R =R(La)=R(vLa), where

R—{uGLZ(M):/Mudug—O}.

Also, the embedding E : W12(M) — L2(M) is compact, which
implies that the spectrum of L4 is discrete.
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Moreover, N'(L4) = N (V). Since (M, g) is smooth and compact,
there is a Poincaré inequality, and since A are bounded below,

R =R(La)=R(vLa), where

R—{uGLZ(M):/Mud,ug—O}.

Also, the embedding E : W12(M) — L2(M) is compact, which
implies that the spectrum of L4 is discrete. The Poincaré inequality
implies a spectral gap between the zero and the first-nonzero
eigenvalues.
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Moreover, N'(L4) = N (V). Since (M, g) is smooth and compact,
there is a Poincaré inequality, and since A are bounded below,

R =R(La)=R(vLa), where

R—{uGLZ(M):/Mud,ug—O}.

Also, the embedding E : W12(M) — L2(M) is compact, which
implies that the spectrum of L4 is discrete. The Poincaré inequality
implies a spectral gap between the zero and the first-nonzero
eigenvalues.

Then, for f € R, u = L;llf is a solution to (E) satisfying
S dpg = 0.
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Back to the pointwise elliptic linear equation

Suppose that (Ayu,u) > kg |ul?, for u € L2(T*M).
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Back to the pointwise elliptic linear equation

Suppose that (Ayu,u) > kg |ul?, for u € L2(T*M).

Let T, = /L, = vV—div A, V, and let u,,u, € L*(M) such that
Stz dpg = [ 1y dpg = 0.
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Back to the pointwise elliptic linear equation

Suppose that (Ayu,u) > kg |ul?, for u € L2(T*M).

Let T, = /L, = vV—div A, V, and let u,,u, € L*(M) such that
Stz dpg = [ 1y dpg = 0.

Then,
I, e — Ly g || = (|5 o — Ty oy |

where v, = T;lux and vy = Ty_luy.
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Back to the pointwise elliptic linear equation

Suppose that (Ayu,u) > kg |ul?, for u € L2(T*M).

Let T, = /L, = vV—div A, V, and let u,,u, € L*(M) such that
Stz dpg = [ 1y dpg = 0.

Then,
-1 —1 -1 -1
ILg ue — Ly uyl| = ([T, ve — T, vy
where v, = T 'u, and Uy = Ty_luy. To prove L? continuity, it
suffices to show that

HTx_lvm - Ty_lvyu S Az — Ayllssllvz |l + [lve — vyl
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Also,

1T oo = T oyl < T = Ty sl + 175 (ve = vy) |
< INTH =Ty Dvell + (T = T ) (v — vy
+ 1T (v = vy)l-
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Also,

1T oo = T oyl < T = Ty sl + 175 (ve = vy) |
< INTH =Ty Dvell + (T = T ) (v — vy
+ 1T (v = vy)l-

So, for u € L2(M) with fM u dpg = 0,

1T = T | = |7 T Ty = T T T
= | 71Ty = To) T, ul| S (T, — T)T, |
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Also,

1T oo = T oyl < T = Ty sl + 175 (ve = vy) |
< INTH =Ty Dvell + (T = T ) (v — vy
+ 1T (v = vy)l-

So, for u € L2(M) with fM u dpg = 0,

1T = T | = |7 T Ty = T T T
= | 71Ty = To) T, ul| S (T, — T)T, |

Thus, it suffices to show

VLo = /Lyull < 14z = Ayllool| Vull-
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Also,

IT,  ve = T oy | < (T =Ty Dvall + 1T, (v = vyl
<IN =T el + (T =T ) (ve = vy) |
+ 1T, (02 — vy)|l-
So, for u € L*(M) with [, u dug =0,
T, = T | = || T T Ty e — T LT |
= | T, 1Ty = )T, | S Ty — To) T, |

Thus, it suffices to show

VLo = /Lyull < 14z = Ayllool| Vull-

Such an estimate follows from holomorphic dependency of the
functional calculus if we are able to prove a homogeneous Kato
square root estimate.
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Axelsson (Rosén)-Keith-McIntosh framework

(H1) The operator I' : D(I") C  — 4 is a closed, densely-defined
and nilpotent operator, by which we mean R(T") C NV (T'),
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Axelsson (Rosén)-Keith-McIntosh framework

(H1) The operator I' : D(I") C  — 4 is a closed, densely-defined
and nilpotent operator, by which we mean R(T") C NV (T'),

(H2) By, By € L(#) and there exist k1, kg2 > 0 satisfying the
accretivity conditions

Re (Byu,u) > /<01||uH2 and Re (Bav,v) > /<;2Hv||2,

for w € R(I'*) and v € R(T"), and
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Axelsson (Rosén)-Keith-McIntosh framework

(H1) The operator I' : D(I") C  — 4 is a closed, densely-defined
and nilpotent operator, by which we mean R(T") C NV (T'),

(H2) By, By € L(#) and there exist k1, kg2 > 0 satisfying the
accretivity conditions

Re (Byu,u) > /<01||uH2 and Re (Bav,v) > /<;2Hv||2,

for w € R(I'*) and v € R(T"), and
(H3) B1BaR(T') Cc N(T') and B2 B1R(I™) C N(T™).
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Axelsson (Rosén)-Keith-McIntosh framework

(H1) The operator I' : D(I") C  — 4 is a closed, densely-defined
and nilpotent operator, by which we mean R(T") C NV (T'),

(H2) By, By € L(#) and there exist k1, kg2 > 0 satisfying the
accretivity conditions

Re (Byu,u) > /<01||uH2 and Re (Bav,v) > /£2Hv||2,
for w € R(I'*) and v € R(T"), and
(H3) B1BaR(T') Cc N(T') and B2 B1R(I™) C N(T™).

Let us now define IIg = I' + B1I™ By with domain
D(HB) = D(F) N D(BlF*BQ).
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Axelsson (Rosén)-Keith-McIntosh framework

(H1) The operator I' : D(I") C  — 4 is a closed, densely-defined
and nilpotent operator, by which we mean R(T") C NV (T'),

(H2) By, By € L(#) and there exist k1, kg2 > 0 satisfying the
accretivity conditions

Re (Byu,u) > /<51||uH2 and Re (Bav,v) > /£2Hv||2,
for w € R(I'*) and v € R(T"), and
(H3) B1BaR(T') Cc N(T') and B2 B1R(I™) C N(T™).

Let us now define IIg = I' + B1I™ By with domain
D(HB) = D(F) N D(BlF*BQ).

15 is an w-bisectorial operator with w € [0, 7/2).
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Quadratic estimates

To say that IIp satisfies quadratic estimates means that

Oo o2 \—1, 2 9 2
; [#T15 (I + t10E) ™ ull™ — = fJu]l%,

for all u € R(Ilp).
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Quadratic estimates

To say that IIp satisfies quadratic estimates means that

oo _ dt
[ s )t @

for all u € R(Ilp).

This implies that

D(y/T13) = D(IIp) = D(T') N D(I* By)
I/ Tl ~ [Tpul ~ |[Tul + | Baull
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More importantly, for coefficients Ay, Ay € L(F) satisfying

() [[Adlloo < mi < £,
(II) AlAQR(F),BlAgR(F),AleR(F) C N(F), and
(iii) AgAlR(F*), BQAlR(F*),AgBlR(F*) C N(F*),

we obtain that for an appropriately chosen 1 < /2, and for all

bounded holomorphic functions f in an open bisector containing the
closed w-bisector,

1f () = f(Hpya)ll S ([A1lloo + [[A2floo) [ floo- (Hol)
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More importantly, for coefficients Ay, Ay € L(.7) satisfying

() [[Adlloo < mi < £,
(II) AlAQR(F),BlAgR(F),AlBgR(F) C N(F), and
(iii) AgAlR(F*), BQAlR(F*),AgBlR(F*) C N(F*),

we obtain that for an appropriately chosen 1 < /2, and for all

bounded holomorphic functions f in an open bisector containing the
closed w-bisector,

1f () = f(Hpya)ll S ([A1lloo + [[A2floo) [ floo- (Hol)

This framework and connections to the Kato square root problem can
be found in their paper [AKMc].
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More importantly, for coefficients Ay, Ay € L(.7) satisfying

() [[Ailloc < mi < £,
(II) AlAQR(F),BlAgR(F),AlBgR(F) C N(F), and
(iii) AgAlR(F*), BQAl'R(F*),AgBlR(F*) C N(F*),

we obtain that for an appropriately chosen 1 < /2, and for all
bounded holomorphic functions f in an open bisector containing the
closed w-bisector,

1f () = f(Hpya)ll S ([A1lloo + [[A2floo) [ floo- (Hol)

This framework and connections to the Kato square root problem can
be found in their paper [AKMc]. This is a first-order reformulation
Kato square root problem resolved by Auscher, Hofmann, Lacey,
Mclntosh, and Tchamitchian in [AHLMcT].
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The Kato square root problem on manifolds

Let 7 = L*(M) ® L2 (M) @ L2(T*M), and set S = (I, V)
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The Kato square root problem on manifolds

Let 7 = L*(M) ® L2 (M) @ L2(T*M), and set S = (I, V)

00 0 S*
P (). e (05).

Set
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The Kato square root problem on manifolds

Let 7 = L*(M) ® L2 (M) @ L2(T*M), and set S = (I, V)
0 0 0 S
) e (05
a 0 0 0
Bl = (0 0) y and BQ = <0 A>

for a € L°(M) and A € L®((M x C) & T*M).

Set
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Theorem (B., Mclntosh ([BMc], 2012))

Let (M, g) be a smooth, complete Riemannian manifold with

|Ric| < C and inj(M) > k > 0. Suppose that the following ellipticity
condition holds: there exist x1, ke > 0 such that Re (au,u) > x1|ul|?
and

Re({A11 Vv, Vu)+ (Ajgv, Vo) 4+ (Ag1 Vv, v) + (Agov, v)) > "02””“%\71,2

for all u € L2(M) and v € WH2(M). Let

Dyu = —adivA11Vu — adiv Ajgu + aAor Vu + aAgou. Then, the

quadratic estimates (Q) are satisfied, D(v/D4) = D(V) = WH2(M)
with ||v/Daul| ~ ||Vul|| + |[ul| = ||u|lwi.2 for all u € WH2(M), and

IWDau—/Dpul| S A = Blloo|lullwiz,

whenever b, B are coefficients that satisfy accretivity assumptions
with n; < K
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* Every smooth compact Riemannian manifold (M, g) satisfies the
geometric assumptions: it is complete, |Ric| < C, and there exists
k > 0 such that inj(M, g) > k.
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* Every smooth compact Riemannian manifold (M, g) satisfies the
geometric assumptions: it is complete, |Ric| < C, and there exists
k > 0 such that inj(M, g) > k.

e We want L4 = Dy, but if we take A9, A1p and Agg to be 0, we
lose accretivity.
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* Every smooth compact Riemannian manifold (M, g) satisfies the
geometric assumptions: it is complete, |Ric| < C, and there exists
k > 0 such that inj(M, g) > k.

e We want L4 = Dy, but if we take A9, A1p and Agg to be 0, we
lose accretivity.

e The norm in the Lipschitz perturbation estimate is a W2 norm,
but we need L? norms.
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* Every smooth compact Riemannian manifold (M, g) satisfies the
geometric assumptions: it is complete, |Ric| < C, and there exists
k > 0 such that inj(M, g) > k.

e We want L4 = Dy, but if we take A9, A1p and Agg to be 0, we
lose accretivity.

e The norm in the Lipschitz perturbation estimate is a W2 norm,
but we need L? norms.

e The estimate of central importance here is the following coercivity

estimate:
[Jull < [Tl

for w € D(II) N R(II).
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* Every smooth compact Riemannian manifold (M, g) satisfies the
geometric assumptions: it is complete, |Ric| < C, and there exists
k > 0 such that inj(M, g) > k.

e We want L4 = Dy, but if we take A9, A1p and Agg to be 0, we
lose accretivity.

e The norm in the Lipschitz perturbation estimate is a W2 norm,
but we need L? norms.

e The estimate of central importance here is the following coercivity

estimate:
[Jull < [Tl

for w € D(II) N R(II). This is almost trivial for the inhomogeneous
problem.
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The homogeneous Kato square root problem on compact
manifolds

Let # = L3 (M) & L2(T*M).
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The homogeneous Kato square root problem on compact
manifolds

Let 7 = L*(M) & L2(T*M).

0 0 0 —div
F-(v 0), and (0 0 >

Set
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The homogeneous Kato square root problem on compact

manifolds
Let 57 = L*(M) & L*(T*M).
(3 0) )
= (3 ) 5=( )

for a € L>°(M) and A € L>®(T*M).

Set

Lashi Bandara The continuity of a flow tangent to the Ricci flow

25/30



By self-adjointness for I and, if the coefficients satisfy (H1)-(H3) by
bi-sectoriality,

A = NI) &+ R(IT) = N(I1) & R(Ip).
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By self-adjointness for I and, if the coefficients satisfy (H1)-(H3) by
bi-sectoriality,

A = NI) &+ R(IT) = N(I1) & R(Ip).

Thus, we have that L2(M) = N(V) @+ R(div) and

L2(T*M) = N(div) &+ R(V).
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By self-adjointness for I and, if the coefficients satisfy (H1)-(H3) by
bi-sectoriality,

A = N(I) & R(IT) = N (Ilp) & R(Ip).

Thus, we have that L2(M) = N(V) @+ R(div) and

L2(T*M) = N(div) &+ R(V).

Moreover,

R(div) = {u €L (M) : /M u djg = 0} =R.
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Now, let w € R(II) N D(II). So u = (u1,u2), and

M| = [[Vur || + || div us]].
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Now, let w € R(II) N D(II). So u = (u1,u2), and

M| = [[Vur || + || div us]].

Poincaré inequality then gives us that [|[Vuy|| > C|luy]|, since
Uy € T\’,(div).
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Now, let w € R(II) N D(II). So u = (u1,u2), and

M| = [[Vur || + || div us]].

Poincaré inequality then gives us that [|[Vuy|| > C|luy]|, since
Uy € T\’,(div).

Now, us = Vg, for some vy € D(II). So,

| divug|| = [|Ave|| = [VAVAv| > C||V A,
= C||Vua|| = C|luzl|.
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Now, let w € R(II) N D(II). So u = (u1,u2), and

M| = [[Vur || + || div us]].

Poincaré inequality then gives us that [|[Vuy|| > C|luy]|, since
Uy € T\’,(div).
Now, us = Vg, for some vy € D(II). So,
I div us]) = [|Avs]) = VAV > C|[vBw|
= OVl = Clluzl|.

That is,
[TTu|| > Clul|.
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Theorem (B., ([B], 2015))

On a compact manifold M with a smooth metric g, the operator llg
admits a bounded functional calculus. In particular,

D(vbdiv BV) = WH2(M) and ||v/bdiv BVul|| ~ || Vul||. Moreover,
whenever ||b|lso < m1 and ||Bllss < 12, where n; < k;, we have the
following Lipschitz estimate

Iv/bdiv BVu — /(b + 5) div(B + B)Vull S (bl + | Blloo) | V]

whenever u € W12(M). The implicit constant depends on b, B and
-
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Corollary

Fix z € M and uw € WH2(M). If | Ay — Ayl| < ¢ < Ky, then for
u € WH2(M),

VLo = /Lyull < 14z = Ayllool| V-

The implicit constant depends on  and A,.
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Corollary

Fix z € M and uw € WH2(M). If | Ay — Ayl| < ¢ < Ky, then for
u € WH2(M),

VLeu = /Lyu| S [[Az — Ayllool[Vu]|.
The implicit constant depends on  and A,.
Corollary
Fix x € M and suppose that ||A; — Ay|| < ¢ < kz. Then,

HL;I% - Lg;177y” S Az — Ay”D@H”:BH + {17z — 77y||>

whenever 1,1, € L?(M) satisfies [, 0. dug = [\ 1, dpg = 0. The
implicit constant depends on (, k., and A,.
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