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Motivation

M Riemannian Spin manifold, smooth compact boundary ¥,

1
W:=TM @AM =AM & As M.
Induced Dirac operator
_(Pp T )
Pw = (T Drs)
Natural questions:
* Boundary conditions? Ellipticity? Self-adjointness? Regularity of

solutions?

* Fredholmness and index theorems?
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Adapted operator

Boundary adapted operator Arg to g on As ¥ := As M|y
2 2

Principal symbol:

GARs(-rvf) = GDRS(ib,T(.I'))_I © UE)RS(xvf)‘
Fundamental assumption in the Bar-Ballmann framework [BB12]:

ARg is a symmetric operator.

Boundary value problems for Prg ‘“live” in:
H(ARS) = X(~oo0) (Ars)H2 (45%) P X000 (Ars)H (Ag ¥,

Rarita-Schwinger )i does not give rise to a symmetric Ags.
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General setup

(A1) M is a manifold with compact boundary ¥ = 9M;
(A2) 7 is an interior co-vectorfield along 0M;

(A3) p is a smooth volume measure on M and v is the induced smooth
volume measure on X;

(A4) (&,hf), (F,h7) — M are Hermitian vector bundles over M;
(A5) D :C>®(E) — C°(F) is a first-order elliptic differential operator;

(A6) D and D* are complete (i.e., CZ°(E) dense in D(Dpax)).

Consequence: reduce to cylinder Zjg 1y : [0,T) x X.

T > 0 determined by (A1)-(A6).
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Adapted boundary operator

A adapted boundary operator to D if:

oa(z,€) = op(z,7(x)) " o op(z,).

e Exists and are elliptic differential operators of order 1.

e Unique up to an operator of order zero.

e Discrete spectrum, generally non-orthogonal eigenspaces.

Admissible cut r € R: the line [, := {¢( € C: Re ( =} is not in the
spectrum of A.
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Ellipticity spec(oa(x,&)) NiR =g, V(z,&) € ¥ x T*E.

Theorem of Shubin in [Shu01]: there exists w, € [0,7/2) such that
A, := A —r is w, bi-sectorial.

Theorem of Grubb in [Grul2] (c.f. also Seeley in [See67]): spectral
projectors x*(A,) are WDOs of order zero.

Space: H(A) = X~ (A)HE (Bx) ® " (A,)H 3 (Ey).

Norm: llly 0y = X (Anull? ) + I (Anul? .

2
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Theorem 1: Maximal domains and H(A), H(A) spaces

(i) C°(FE) is dense in D(Dpax) and D((D*)max) With respect to
corresponding graph norms.

(ii) The restriction maps C°(E) — CX(Ey) and CP(F) — CX(Fy)
given by u — u|y. extend uniquely to surjective bounded linear
maps D(Dmax) — H(A) and D((D*)max) — H(A).

(iii) The spaces

D(DmaX) N Hlloc(EE) - {U € D(Dmax) : U‘E S H%(Ez)}

D((D")ma) N Hioel(F) = {0 € D(D*max) : ul 5 € HE () }
(iv) For all u € D(Dyax) and v € D((D*)max),

(Dmaxt, V)12(py = (U (D" )maxV) 1 2(p) = — <60“’27”|2>L2(Fg) :

(v) Higher regularity:
D(Dpax) NHETL(E)

loc

= {u € D(Dmax) : Du € H{ (F) and x"(4,)(u|y) € H+3 2(Fx)}.
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Boundary conditions
A closed linear subspace B C H(A) is called a boundary condition
for D. Associated operator domains:

D(Dpmax) = {u € D(Dax) : u|y, € B}
D(Dp) = {u € D(Dmax) NH(Ex) : uly, € B},

and similarly for the formal adjoint D* with A replaced by A.

For boundary condition B, the operator Dp closed and between
Dc. (on CZ(E)) and Dyax.

D, closed extension of D, then B := {u|y, : u € D(D,)} is a

boundary condition and D. = Dpg max.

Boundary condition B C H%(EE) if and only if Dp = Dp max-

Adjoint boundary condition B¢ so that D%d = Dpaa:

B .= {v € H(-A): (O0u, V)12(my) =0 Vu € B}.
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Elliptic boundary conditions

B C H%(Eg) boundary condition is called elliptic if there exists an
admissible cut » € R and:

(i) Wy, V4 are mutually complementary subspaces such that
Vi ® Wi = x*™(4,)L%(Ex),
(i) W are finite dimensional with W, Wi C H%(Eg) and
(iii) ¢ : V- — V4 bounded linear map with g(V_%) C Vé and

g*((er“)%) - (V_*)% such that

1
B:W+€B{v+gv:v€V_2}.
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Theorem 2: Characterisation of elliptic boundary conditions

BcC H%(Ez> be a subspace, then the following are equivalent:

(i) B a boundary condition and B*! ¢ H%(Fg),
(ii) the definition is satisfied for any admissible spectral cut r € R,

(iii) B an elliptic boundary condition.

Elliptic boundary condition B for D <= B elliptic boundary
condition for D* and

op(B*) =W* @ {u —g'u:ue (ij)%} )
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Pseudo-local and local boundary conditions

e Classical pseudo-differential projector P of order zero (not
necessarily orthogonal), the space

N

B = P(H>(Ex))

is called a pseudo-local boundary condition.

e Boundary condition B C H%(Eg) a local boundary condition if
there exists a sub-bundle E' C Fy such that

B =H:(E).
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Theorem 3: Pseudo-local boundary conditions

Given a pseudo-local boundary condition B = P(H%(Eg)) the
following are equivalent:

(i) B an elliptic boundary condition,
(i) for admissible cut r € R, the operator

P —x"(A,) :L?(Es) — L?(Ex)

is Fredholm,

(iii) for admissible cut » € R, the operator
P—xt(4,):L*(Es) - L*(Ex)
is elliptic classical pseudo of order zero.

In particular, if Dpu is smooth, then u is smooth up to the boundary.
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Ingredients of the proof

Geometric reduction to the "model” operator Dy = 0y (0; + A):

Lemma (Lemma 4.1 in [BB12)])

On the cylinder Z[O’T),

D= O't(at + B+ Rt),
D* = -0} (8, + B+ Ry),
for any pair of adapted boundary operators B and B to D and D*.
Remainder terms R; and R; are WDO's of order at most one, their
coefficients depend smoothly on t, and
| Reullr2(sy S tBullizs) + ullies), and

[Rwllrzsy S HIBolliaes) + 1vlls)-

for u € C*(FEy) and v € C™(Fy).
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Associated sectorial operators and functional calculus

Let sgn(Ar) == xT(Ay) — x~(A).

Define |A,| := A, sgn(A,).

|A,| is invertible w,-sectorial.

UDOdifferential calculus: D(|A,|) = D(JA,|").

Theorem of Auscher-Mclntosh-Nahmod from [AMNO97]: |A,| has a
H*®° functional calculus.

e Define HY(E) = D(Duay) N HL (E) with
lullfyy = llnullin + [1Dull® + flul,

where 1 is a compactly supported cutoff near the boundary.
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Lemma

For 6 € (w,,/2) fixed, there exists an inner product (-,-) \ o such
that |A,| is m-0-accretive and for which the estimate

10 + A)ullEaz, ) = 1612z, )+ 1AulEez, )

— Re (|Ar[sgn(Ar) uo, UO)N,& - THuOH?V,@v

holds for u € C°(Zjg,oc); E) where ug = uly,.

Consequences:

o X" (Ar)uo =0 = |lullgs < llullp,,
o relative boundedness of D and Dy.
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For any equivalent norm || - [l > || - [l 2(&y),

19 + A)ully = [[/[F + [|Aull + Re (|Ar| sgn(Ar)u, u)), + 7 (u, u),
+ Re((v/, [Ar]sgn(Ar)u), — (JAysgn(A.)u' u),)
(i) Via Similarity Theorem due to Callier—Grabowski—Le Merdy (c.f.
[Haa06] by Haase), there exists (-, ), so that |A,| is m-f-accretive.

(ii) Define || 134 := IXT(Ar) - 5 + [Ix ™ (Ar) - [I3-
(iii) |A,| is still m-6-accretive with respect to (-, N
)
)

(iv Xi(
(v) a(u,v) = ([Ar|u,v)y 4 is m-0-accretive form.
<u’, |A,| sgn(Ar)u>N79 — {|A,] Sgn(AT)u’,u>N79
= a(sgn(A,)u’, u)® — a(u,sgn(A,)u') € ImR

) are self-adjoint in (-, )y, as is sgn(A;).
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Higher regularity

Banach-valued Cauchy problem: f € L*(Zj ,, E),

OW (t; f) + |A W (L5 f) = f(2), lim W(#; f) = 0.

Solution given by:

Wt f) = /0 e (TN f(s) ds.

Define:

t
Suru(®) = [ Mg (A u(s) ds
0

p
—/ ef(sft)lA”GalX*(Ar)u(s) ds

t
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Let (Cpu)(s) = ulp — s),

(i) So,u(t) =W(t;o5 xT (A )u) — W(p — t; 04 'x~ (Ar)Cpu)

(i) X" (A)(S0,1)(0) = X~ (Ar) (So0)(p) = 0.

(III) DO TS(]T = I, where Dor = 0'0(815 + A )

(IV) So,n :H ( [0,0]5 ) — Hk+1(Z[O Pk ) bounded.

(v) Do, : H*PH(Z) p],E By) — Hk(Zg()’ |, /) isomorphism, where
By = (A JHE (Fs) © (A, ) Hb (F)

(vi) (I — SOTDOT)u—e HArl(xF (A, )u(0)) whenever

X~ (Ar)(u(p)) =0,

Key estimate:

P P P
/0 1OV (85 £) 22 gt + /0 1AW (& )22y S /D Ol
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Elliptic boundary conditions

Prove: B C H%(Eg) and B C H%(FE) implies B elliptic.

Wi =R(xT(A,)) N B and W* = R(x~ (A})) N o5 B are finite
dimensional subspaces of 1 (Ex) and x~ (A,)B  and
T (A% o5 B* are closed subspaces of Hz (Ey).

Key estimate:
el g = llull gy < I (Al g + I (Al )

for all u € B.
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Spaces:

W* = x (ADL*(Ex)NopB*  W_ ==y (4,)W*
Wy :=x"(A,)L*(Fx)N B Wi = xT(AHW,
Vi = xT(ADLA(Be) N (W) Vo= X (A V2
Vi = xT (AL (Bs) N W V= xT(ADV,

Splitting:

LXEg)=V_.eW_aV,eW,=VeW* o Ve W
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Xo=x"(A) gyt - BNWiE — x (A,)B, and
Xt =xT(A4)) copBM 0 (W) = T (AN o BM.

o3 Badn(W*) L
are isomorphisms with their ranges.
go =Py, (X_)"' and ho= Py~(X7)"".

Obtain:
1
B:W+@{v€V_2 :v+gov}

B =W @ {ue (VI)E:u+hou.
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